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Abstract 
We show that for any positive integer c the problem whether the edge-set of a graph can be 
partitioned into subsets inducing graphs isomorphic to either a c-edge star or a c-edge matching 
is polynomial. This result suggests existence of theorems well-characterizing graphs admitting 
such partitions. 
I. Introduction 
A A-system is a family of sets pairwise intersecting on a fixed set. This notion 
was introduced by Erd6s and Rado [4]. They have shown a Ramsey-type theorem on 
A-systems: For fixed c and k, there is mo= mo(c,k) such that every family of m>~mo 
k-element sets contains a A-system of size c. 
Clearly, if we assume that k = 2 then we can identify A-systems with graphs being 
stars or matchings (more precisely with their sets of edges). 
We say that a graph G has a decomposition into graphs G1 . . . . .  Gt  if the sets of 
edges of G1 . . . . .  G t form a partition of the set of edges of G. 
It was shown by Lonc and Truszczyfiski [7] (see also Caro and Tuza [2]) that the 
Erd6s-Rado theorem implies a decomposition theorem that, for a fixed c, all but finitely 
many graphs of size divisible by c can be decomposed into graphs isomorphic either 
to a c-edge star, a c-edge matching or a graph being a disjoint union of a (c - 1 )-edge 
star and an isolated edge. In Favaron et al. [5] a characterization theorem of the graphs 
admitting a decomposition into A-systems of size 3 was given. 
In this paper we show that the problem of recognition of the class of graphs admitting 
a decomposition into A-systems of size c is polynomial (if c is not a part of the 
instance, i.e. the input size does not include the size of an encoding of the integer c). 
This fact suggests that one can expect nice characterization theorems of this class of 
graphs. 
Let us note that a theorem characterizing raphs decomposable into subgraphs iso- 
morphic to matchings of size c was given by Alon [ 1 ]. There is little hope for finding 
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an analogous characterization theorem for graphs admitting a decomposition i to stars 
of size c (when c/> 3) because the recognition problem for this class of graphs was 
shown to be NP-complete (see [3]). 
2. Results 
We shall use the following simple fact on matching decompositions (for its proof 
see for example [6, Lemma 10, p. 338]). 
Lemma. I f  e (G) -  0(modc) and e(G)>>.cx'(G ) then G can be decomposed into 
matching s o f  size c. 
Theorem 1. I f  e(G) - 0(modc) and at least 3C2 edges are not covered by c vertices 
with the highest degrees then G has a decomposition into A-systems o f  size c. 
Proof. Let X = {Xl . . . . .  Xc} be the vertices in G of .the highest degrees and 
deg G xl 1> . . . /> deg~ Xc = d. 
Consider two cases. 
1. c<<.d. Delete from G the sets of edges inducing stars Kl,c with centers in X and 
the other vertices not in X until the degrees of the vertices in X become less than 
d + c (and greater than or equal to d). Denote the resulting graph by G'. It suffices to 
show that G' can be decomposed into matchings of size c. Since A(G')<~d + c - 1, 
g'(G')<~d + c. Moreover, e(G')>~dc - (2) + 3c2 = dc + c 2 + ~ >>.c(d + c)>~cg'(G'). 
Thus by the Lemma, G' can be decomposed into e(G')/c matchings of size c. 
2. c > d. Delete from G the sets of edges inducing stars Kl,c with centers in X 
until it is impossible to continue. Denote the resulting graph by G'. We show that 
G' can be decomposed into matchings of size c. Indeed, A(G')<~ c -  1, z'(G')<~ c and 
e(G')>>. 3c2>>.c2 >Jcg'(G') so we are done again by the lemma. [] 
Let A°c be the family of bipartite graphs G whose one vertex class Vc consists of 
at most c vertices of degree at least c. 
Theorem 2. A graph G E Arc has a decomposition into A-systems o f  size c i f  and 
only i f  
(i) e( G ) - 0(modc) and 
(ii) Vx6 V6 degGx ------ 0 (modc) or 
I vGI = c and Vx, y E V6 deg G x = deg c y (mod c). 
Proof. Let 7~ be a decomposition of G into A-systems of size c. I f  [Vc[ < c then no 
matching of size c or a star of size c and center not in VG exists. Thus each member 
of n is a star with center in some vertex of Vc so (ii) holds. 
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I f  I V~[ = c then each member of n is a star with a center in I/6 or a graph H such 
that each vertex of V~ has degree 1 in H. Hence (ii) holds too. Since (i) is obvious, 
the 'only if' part of the theorem follows. 
Let us pass on to the proof of the ' i f '  part. If Vx E VcdegGx -- 0(modc) then 
existence of a decomposition of G into A-systems of size c is obvious. Thus, let 
[VG] = c and Vx E VG degc x - r (mod c) for some 0 ~<r < c. We shall show existence 
of the required decomposition by induction on r. Since for r = 0 it obviously exists, 
assume that r > 0. Let 0 y~ XC_ VG. Clearly, Ira(X)l>~c>~lXl (where Fa(X) stands 
for the set of neighbours of the vertices of X in G) so by Hall's theorem there is a 
matching of size c in G covering all vertices of V6. Delete this matching. The resulting 
graph has a decomposition i to A-systems of size c by the induction hypothesis. Thus, 
the required decomposition of G exists too. [] 
It follows immediately from Theorem 2 that the recognition of the class of graphs 
~c is polynomial. 
Theorem 3. Let e(G) = 0(modc) and let less than 3c2 edges in G are not cov- 
ered by c vertices with the highest degrees. The graph G has a decomposition i to 
A-systems of size c if and only if G can be decomposed into subgraphs G1 and G2 
such that both G1 and G2 admit a decomposition i to A-systems of size c, G1 C ~fc 
and e(G2) < 3c 3. 
Proof. Since the ' i f '  part is obvious, we pass on the proof of the 'only if' part. 
Let lr be a decomposition of G into A-systems of size c and let XG be the set of c 
vertices with the highest degrees in G. Delete the edges of the members of 7r containing 
either the edges not covered by the vertices of X6 or the edges with both endvertices 
1 2 at XG. Clearly there is less than 3c3+ (2)c --- 2c 3 -  ~c such edges. The resulting raph 
G' is bipartite with one vertex class X~ and admits a decomposition i to A-systems 
of size c. Like in the proof of Theorem 2 we conclude that for some 0 ~<r < c, 
Vx C Xc deg 6, x - r (mod c). Delete the edges of the members of zr containing the 
edges incident to the vertices of degree r in AvG. The number of them is equal to 
rc <~c 2-c .  The resulting graph G1 E-L~ac. The graph G2 formed by all the deleted 
edges has the size less than 2c 3 - 1c2 + c 2 - c < 3c 3. This completes the proof. [] 
Corollary. The decision problem of ex&tence of a decomposition of a graph &to 
A-systems of size c is polynomial (where c is not a part of the instance). 
Proof. Based on Theorems 1-3 we can design a simple polynomial algorithm solving 
the decision problem described in the Corollary: 
1. Find a set X of c vertices with the highest degrees in G. 
2. I f  there are at least 3c2 edges not covered by X then STOP (the decomposition 
exists). 
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3. Is there a decomposition of G into graphs GI and G2 admitting a decomposition 
into A-systems of size c such that G1 E ~ac and e(G2)< 3c37 If the answer is YES then 
STOP (the decomposition exists). If the answer is NO then STOP (the decomposition 
does not exist). 
The correctness of the above algorithm follows immediately by Theorems 1 and 3. 
The polynomiality of the algorithm is a consequence of Theorem 2 and the fact that 
there are only polynomially many decompositions of G into graphs G1 and G2 such 
that e(G2) < 3c 3. [] 
If c is a part of the instance then it can easily be shown by a reduction from the 
chromatic index problem that the problem is NP-complete. 
3. Conclusions 
Lonc and Truszczyflski [7] have shown that many Ramsey-type r sults imply some 
decomposition theorem saying that (roughly speaking), for a fixed c, every sufficiently 
large structure of size divisible by c can be partitioned into some 'regular' substruc- 
tures or 'almost regular' substructures of size c (see [7] for the details). In our case the 
'regular' substructures are the A-systems. These results suggest hat perhaps Ramsey- 
type theorems imply that the recognition of the classes of structures that can be parti- 
tioned into 'regular' substructures of size c is a polynomial problem. In particular, we 
suppose that the graph version of the classic Ramsey theorem implies the following. 
Conjecture. For a fixed c, the recognition of the class of graphs whose vertex set 
can be partitioned into c-element subsets inducing a clique or an independent set is a 
polynomial problem. 
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